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Abstract. We use entropy to extend the rough set based notion of a
reduct. We show that the order based genetic algorithms, applied to the
search of classical decision reducts, can be used in exactly the same way
in case of extracting optimal approximate entropy reducts from data.

1

Introduction

In the theory of rough sets [4] a universe of objects is the only source of knowledge
usable to construct the reasoning models. In classification problems the goal is
to approximate values of a decision attribute under information provided by
conditional attributes. New objects are classified using “if..then..” decision rules
learnt from the known cases.
Due to the Minimum Description Length Principle (MDLP) [7], adapted to
rough sets e.g. in [2], we search for the simplest decision rule based models, using
various heuristics. As one of such heuristics, the order based genetic algorithm
for extraction of minimal decision reducts was proposed [11]. We modify it to
search for approximate reducts – the attribute subsets inducing rules, which
approximate decision classes accurately enough.
We label each subset B of available attributes A with its entropy H(B)
[3], opposite to the strength of the model induced by B, conditional entropy
H(d/B) – the model’s inaccuracy in predicting decision [2, 8], and H(B/d) – its
sensitivity [6]. Due to the Approximate Entropy Reduction Principle (AERP)
[10], we minimize H(B) (H(B/d)) keeping H(d/B) at a reasonable level.

2

Rough sets and probabilities

In [4] data is represented as an information system A = (U, A), where U is the
universe of objects and each attribute a ∈ A provides a function a : U → Va into
the set of values on a. For any B ⊆ A and u ∈ U , we define B-information vector
B(u) = hb1 (u), . . . , b|B| (u)i, where bj (u) is the value of bj ∈ B. The set of all
such vectors equals to VBU = {B(u) : u ∈ U }. Each B ⊆ A induces a U -partition
with B-indiscernibility classes k(B, w)kA = {u ∈ U : B(u) = w}, for w ∈ VBU .
?
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Pairs (B, w), B ⊆ A, w ∈ VBU , are patterns, interpreted as conjunctions of
descriptors (a, v), a ∈ B, v ∈ Va . Classes k(B, w)kA are their supports. The data
driven probability P (w) = |k(B, w)kA | / |U | reflects the strength of (B, w).
The task of analysis is often concerned with defining a distinguished decision
by the rest of attributes. In this case, we represent data as a decision system A =
(U, A∪{d}), where d ∈
/ A, Vd = {1, . . . , |Vd |}. For each k ∈ Vd , we define the k-th
decision class Xk = {u ∈ U : d(u) = k}. The data driven probability P (k/w) =
|k(B, w)kA ∩ Xk | / |k(B, w)kA | of k ∈ Vd conditioned by w ∈ VBU corresponds to
the precision of decision rule B = w ⇒ d = k. In the rough set applications, one
often operates with the object related decision rules B = B(u) ⇒ d = d(u), for
u ∈ U . Then, precision (strength) is expressed as P (d(u)/B(u)) (P (B(u))).
The precision-strength balance refers to the MDLP principle [7]. The strength
can be replaced with the complexity of the rule’s description or, e.g., the rule’s
sensitivity P (B(u)/d(u)) = |k(B, B(u))kA ∩ Xd(u) | / |Xd(u) |, opposing precision
P (d(u)/B(u)) in the Relative Operating Characteristic (ROC) approach [6].

3

Information entropy

Entropy evaluates information, which we get from the fact that a given random event occurred [2, 3]. Given the event’s probability p > 0, it is defined as
h(p) = − log p. For instance, given w ∈ VBU , one can state the entropy of pattern (B, w) as equal to − log P (w). In its generalized form, entropy evaluates
→
−
random distributions
p = hp1 , . . . , pr i with the expected degree of information
P
→
−
H ( p ) = − k: pk >0 pk log pk . For instance, we can label B ⊆ A with its entropy
P
H(B) = − w∈V U P (w) log P (w)
(1)
B
interpreted as the average degree of information about objects, obtainable from
knowledge about their values on B. Conditional entropy H(d/B) of d given B
evaluates information obtainable from d, given already provided B [2, 3]. Similarly, we interpret H(B/d). By definition, we have the following:
H(d/B) = H(B ∪ {d}) − H(B)

H(B/d) = H(B ∪ {d}) − H({d})

(2)

We can use H(d/B) to label each B ⊆ A with the amount of uncertainty concerning d under information about B. We have the following inequalities:
0 ≤ H(d/A) ≤ H(d/B) ≤ H({d})

(3)

where: H(d/A) = 0 holds, iff A defines d, i.e. iff P (d(u)/B(u)) = 1 for any u ∈ U ;
H(d/A) = H(d/B) holds, iff B makes d conditionally independent from A \ B,
i.e. iff P (d(u)/B(u)) = P (d(u)/A(u)) for any u ∈ U ; and H(d/B) = H({d})
holds, iff d is independent from B. We have also the following equalities [10]:
H(B) = − log G(B) H(d/B) = − log G(d/B) H(B/d) = − log G(B/d) (4)
p
p
where quantities G(B)
= |U | Πu∈U P (B(u)), G(d/B) = |U | Πu∈U P (d(u)/B(u))
p
and G(B/d) = |U | Πu∈U P (B(u)/d(u)) are the average strength, precision and
sensitivity of the object related decision rules induced by B ⊆ A.

4

Approximate entropy reducts

Due to the MDLP principle, we should tend to the model’s simplification, unless
it causes a loss of its accuracy. This idea corresponds to the rough set notion
of a decision reduct: an irreducible B ⊆ A defining d in A = (U, A ∪ {d}). If
A is inconsistent, i.e. even the whole A does not define d, a question about the
reduction criterion arises. In [8, 10] we considered µ-decision reducts: irreducible
subsets B ⊆ A such that P (d(u)/B(u)) = P (d(u)/A(u)) for any u ∈ U .
Subset B ⊆ A is a µ-decision reduct, iff it is a Markov boundary of d for the
product distribution P over A ∪ {d}, i.e. it is an irreducible subset of attributes
(random variables), which provides the same probabilistic information about
d as A [5]. Equivalently, B is a µ-decision reduct, iff H(d/B) = H(d/A) and
H(d/B) > H(d/B \ {a}) for any a ∈ B. If A = (U, A ∪ {d}) is consistent, i.e. A
defines d, then such reducts-boundaries coincide with classical decision reducts.
B is a decision reduct, iff H(d/B) = 0 and H(d/B \ {a}) > 0 for any a ∈ B.
The reduction of attributes causes potential growth of conditional entropy,
i.e., potential average decrease of precision of the object related decision rules.
Let us consider constraint G(d/B) ≥ (1 − ε)G(d/A), pointing at subsets B ⊆ A,
which induce rules being on average ε-almost as precise as those induced by the
whole A. By taking the logarithm of both sides, we get the following criterion:
H(d/B) + log(1 − ε) ≤ H(d/A)

(5)

We say that B is an ε-approximate µ-decision reduct, iff it is an irreducible set
satisfying (5). Originally, reducts were evaluated due to the number of attributes
involved. In [10] the following generalization was proposed: Given ε ∈ [0, 1), the
Minimal ε-Approximate Decision Reduct Problem (MεDRP) is the task of finding
a minimal (by cardinality) B satisfying (5). One can also evaluate reducts with
numbers of distinct rules or the measures of strength and sensitivity. The Minimal Rule (MRεDRP), H-Strength Optimal (StεDRP) and H-Sensitivity Optimal
(SeεDRP) ε-Approximate Decision Reduct Problems are the tasks of finding such
minimal (by cardinality) ε-approximate µ-decision reduct C ⊆ A that
f (C) = minB⊆A: B satisfies (5) f (B)

(6)

for f : P(A) → R defined by f (B) = VBU , H(B), and H(B/d), respectively.

5

Order based genetic algorithms

The MεDRP, MRεDRP, StεDRP, and SeεDRP problems are NP-hard for any ε ∈
[0, 1) [10]. Therefore, one cannot expect fast and reliable tools for solving them
in a deterministic way. We propose to extend the order based genetic algorithm
(o-GA) for searching for minimal decision reducts [11], in purpose of finding
(sub)optimal ε-approximate µ-decision reducts. As a hybrid algorithm [1], our
o-GA consists of two parts:
1. Genetic part, where each chromosome encodes a permutation of attributes
2. Heuristic part, where permutations τ are put into the following algorithm:

ε-REDORD algorithm:
1.
2.
3.
4.

Let A = (U, A ∪ {d}) and τ : {1, .., |A|} → {1, .., |A|} be given; Let Bτ = A;
For i = 1 to |A| repeat steps 3 and 4;
Let Bτ ← Bτ \ {aτ (i) };
If Bτ does not satisfy condition (5), undo step 3.

Comparing to [11], we replace the condition of defining d with criterion (5).
Proposition 1. ε-REDORD always gives an ε-approximate µ-decision reduct.
For any ε-approximate µ-decision reduct B there exists such τ that B = Bτ .
Each genetic algorithm simulates the evolution of individuals [1, 11]. Its behavior
depends on specification of the fitness function, which evaluates individuals. In
the proposed o-GA, we define fitness of a given permutation-individual τ due to
the quality of Bτ resulting from ε-REDORD. It can be done, e.g., as follows:
f itness(τ ) = 2−f (Bτ )

(7)

for f : P(A) → R defined at the end of Section 4. The following result, together
with Proposition 1, assures that o-GA with fitness (7) can be applied to search
for solutions of the ε-approximate µ-decision reduct optimization problems:
Proposition 2. B is a solution of MεDRP, iff B = Bτ for τ maximizing (7),
for f (Bτ ) = |Bτ |. If B is a solution of MRεDRP, StεDRP, or SeεDRP, then
B = Bτ for τ maximizing (7), for f (Bτ ) = VBUτ , H(Bτ ), H(Bτ /d), respectively.
In some cases, the obtained reduct Bτ , which maximizes f itness(τ ), may be not
the one with minimal cardinality. This is, however, very improbable, because
smaller attribute subsets are obtained for larger families of permutations. It is
an important advantage of the proposed hybrid algorithm.
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