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Abstract

Approximate bayesian nets (a-BN’s)
almost keep the information entropy
of data tables and encode knowledge
about approximate dependencies be-
tween features. Advantages of ap-
plying a-BN’s to real-life data anal-
ysis are discussed. Genetic-based al-
gorithmic framework for extracting
a-BN’s from data is proposed.

1 Introduction

Bayesian network (BN) is a directed acyclic
graph (DAG) designed to encode knowledge
about conditional independence statements
between considered variables, within a given
probabilistic space [7]. Expressive power of
such an encoding increases while removing
DAG’s edges, unless it causes a loss of con-
trol of exactness of derivable statements. BN-
structures can be also used to model the
flow of information while reasoning about new
cases by analogy to records gathered in data
tables (cf. [10]).

Classical BN’s correspond to exact probabilis-
tic independence, which is too accurate while
mining real-life data, because of the risk of
possible noises or fluctuations. Thus, one
needs to generalize fundamental concepts and
results concerning bayesian networks, to let
them deal with appropriately defined approx-
imate independence statements. The idea of
basing such a generalization onto the rough
set framework [5] originates in the fact that

it provides a wide range of tools for express-
ing data inconsistency, in particular, those
related to rough membership functions [6].
Rough membership decision reducts (cf. [10])
correspond to probabilistic Markov bound-
aries, crucial for effective construction of BN-
models ([7]). Various criteria for the reduc-
tion of redundant information by the approx-
imate preserving of rough membership infor-
mation [9] can be applied to approximate the
concepts related to Markov boundaries and
bayesian networks.

We focus on approximations dedicated to
the information measure of entropy [3, 8],
by letting a reasonably small increase of its
quantity while reducing edges of a network.
It leads to the notion of an approximate
bayesian network (a-BN) corresponding to
approximate conditional independence state-
ments (cf. [10]). We discuss advantages of
dealing with a-BN’s while analyzing data. We
also provide genetic-based algorithmic tools
for efficient extraction of optimal a-BN-based
knowledge models from real-life data tables.

Order-based genetic algorithms (o-GA’s) are
known to be able to deal with complex
NP-hard optimization problems efficiently [2,
4]. Exemplary applications of o-GA’s to
searching for optimal rough-set-based deci-
sion reducts were developed in [11]. We show
that the same framework can be used in case
of approximate decision reducts and Markov
boundaries. Furthermore, we discuss possi-
bility of its extension in order to cope with
directed acyclic graphs inducing approximate
bayesian networks.



2 Elementary notions

Data can be represented as an information
system A = (U,A), where each attribute
a ∈ A is identified with function a : U → Va,
for Va denoting the set of all possible values
on a ([5]). Let us write A = 〈a1, . . . , an〉 ac-
cording to some ordering over the set of at-
tributes. For any B ⊆ A, one can consider
information function B : U → V U

B , which
labels objects u ∈ U with vectors B(u) =
〈ai1(u), . . . , aim(u)〉, where values of succes-
sive aij ∈ B, j = 1, . . . ,m, occur due to
the ordering assumed on A. The set V U

B =
{B(u) : u ∈ U} gathers all vectors of values
on B supported in A.

Reasoning about data can be stated, e.g., as
the classification problem concerning a distin-
guished decision to be predicted under infor-
mation provided over the rest of attributes.
For this purpose, one represents data as a de-
cision table A = (U,A ∪ {d}), d /∈ A. To ex-
press conditions→decision dependencies, one
can use various methodologies, provided, e.g.,
by statistical calculus or theory of rough sets
[5]. In this paper we focus on probabilities.
For instance occurrence of vd ∈ Vd condi-
tioned by wB ∈ V U

B , can be expressed as prob-
ability PA(vd/wB) =

=
|{u ∈ U : B(u) = wB ∧ d(u) = vd}|

|{u ∈ U : B(u) = wB}|
(1)

Obviously, one can consider such probabili-
ties not only for the case of a distinguished
decision attribute. For a given α ∈ [0, 1], α-
inexact decision rule (B = wB) ⇒α (d = vd)
is satisfied iff PA(vd/wB) ≥ α, i.e., iff for at
least α · 100% of objects u ∈ U such that
B(u) = wB we have also d(u) = vd. The
strength of the rule is provided by quantity
PA(wB) = |{u ∈ U : B(u) = wB}| / |U |.
It corresponds to the chance that an object
u ∈ U will satisfy the rule’s left side.

Although all models considered in the paper
are of probabilistic nature, we refer them also
to the rough set framework, especially while
dealing with optimization problems of extrac-
tion from data. In the theory of rough sets
probabilities take the form of rough member-
ship functions. They were introduced in [6]

in purpose of measuring degrees of inclusion
of indiscernibility classes [u]B = {u′ ∈ U :
B(u) = B(u′)} into concepts X ⊆ U being
approximated in terms of B ⊆ A. Yet an-
other interpretation can be obtained by notic-
ing that each pair (B, u) ∈ P(A) × U gen-
erates approximate decision rule pointing at
the d(u)-th decision class. It is described by
means of the following parameters:

Definition 1 Let A = (U,A ∪ {d}), B ⊆ A
and u ∈ U be given. By the accuracy and
support coefficients for (B, u) we mean, re-
spectively, quantities

µd/B(u) = PA(d(u)/B(u))

µB(u) = PA(B(u))
(2)

General rough-set-based principle of reduc-
tion of redundant conditional information
takes here the following form:

Definition 2 Let A = (U,A ∪ {d}) be given.
We say that B ⊆ A µ-preserves d, iff

∀u∈U
[
µd/B(u) = µd/A(u)

]
(3)

B is a µ-decision reduct, iff it satisfies (3) and
none of its proper subsets does it.

Property (3) is an example of a probabilistic
conditional independence (PCI) statement.
Usually, the notion of PCI is defined over mu-
tually disjoint subsets of variables considered
within some product probabilistic space, over
all possible configurations of vectors of values.
Since we deal with probabilistic distributions
derived directly from information systems, let
us focus on the following, equivalent [10] def-
inition:

Definition 3 Let A = (U,A) and X,Y, Z ⊆
A be given. We say that Y makes X condi-
tionally independent on Z, iff

∀u∈UPA(X(u)/Y (u)) = PA(X(u)/Y ∪ Z(u))
(4)

Corollary 1 Let A = (U,A∪{d}) and B ⊆ A
be given. (1) B µ-preserves d, iff it makes d
conditionally independent on A \B, in terms
of PA. (2) B is a µ-decision reduct, iff it is a
Markov boundary of d within A, i.e., it is an
irreducible subset, which makes d independent
on the rest of A.



3 Bayesian networks

Bayesian network (BN) has the structure of
a directed acyclic graph (DAG) D = (A,

−→
E ),

where
−→
E ⊆ A× A. The objective of the BN-

based methodology is to encode conditional
independence statements involving groups of
probabilistic variables corresponding to ele-
ments of A, in terms of the following graph-
theoretic notion [7]:

Definition 4 Let DAG D = (A,
−→
E ) and

X,Y, Z ⊆ A be given. We say that Y d-
separates X from Z, iff any path between any
node in X \ Y and any node in Z \ Y comes
through: (1) a serial or diverging connection
covered by some element of Y ,1 or (2) a con-
verging connection not covered by Y , having
no descendant in Y .2

Let us formulate the notion of a bayesian net-
work in terms of data analysis:

Definition 5 Let A = (U,A) and DAG D =
(A,
−→
E ) be given. We say that D is a Bayesian

net for A, iff for any X,Y, Z ⊆ A, if Y d-
separates X from Z, then Y makes X condi-
tionally independent on Z.

Theorem 1 ([7]) Let A = (U,A), A =
〈a1, . . . , an〉, be given. Let us assume that
for each table Ai = (U, {a1, . . . , ai−1} ∪ {ai}),
i > 1, a µ-decision reduct Bi is provided.
Then DAG D = (A,

−→
E ), where

−→
E =

n⋃
i=1

{〈b, ai〉 : b ∈ Bi} (5)

is a bayesian network for A.

One can combine the bayesian network tech-
niques with the rough set framework (see
[10] for further references). Bayesian decision
models deal with the rules with decision situ-
ated at their left side. They are related to the
analysis of distribution PA(A(u)/vd), letting
u ∈ U be classified as having decision value

v = arg max
vd∈Vd

[prior(vd)PA(A(u)/vd)] (6)

1Descriptions ’serial ’, ’diverging ’ and ’converging ’
correspond to directions of arrows meeting within a
given path, in a given node

2We say that b is a descendant of a, iff there is a
directed path from a towards b in D

where prior : Vd → [0, 1] expresses prior
knowledge about probability of decision val-
ues. Let us set up an arbitrary ordering
A = 〈a1, . . . , an〉 and denote by Vi the set of
all values of ai. We decompose PA(A/d) by
noting that for any supported combination of
values vd ∈ Vd, vi ∈ Vi, i = 1, . . . , n, one has

PA(v1, .., vn/vd) =
n∏
i=1

PA(vi/vd, v1, .., vi−1)

(7)
The attribute reduction can be now related to
sub-component distributions:

Proposition 1 ([10]) Let A = (U,A ∪ {d}),
A = 〈a1, . . . , an〉, be given. Let us assume
that for each table Ai = (U, {d, a1, . . . , ai−1}∪
{ai}), i = 1, . . . , n, a µ-decision reduct Bi has
been found. Then, for any given u ∈ U , the
decision value calculated by (6) is equal to

v = arg max
vd∈Vd

prior(vd)PA(D(u)/vd) (8)

where PA(D(u)/vd) =

=
∏

i: d∈Bi

PA(ai(u)/vd, (Bi \ {d})(u)) (9)

If applied to new cases, the above equivalence
can be considered only over the vectors of val-
ues occurring in data. In case of combinations
not included in V U

A = {A(u) : u ∈ U}, it re-
mains to trust into the generalization ability
of the classification model related to formula
(8). Thus, it is worth searching for ensembles
of µ-decision reducts Bi ⊆ {d, a1, . . . , ai−1} of
possibly law overall cardinality, because they
provide more robust probabilities in (9).

The way of classifying objects in Proposi-
tion 1 corresponds to the network construc-
tion described in Theorem 1, if applied to
A = (U,A∪ {d}), for d at the first position of
the ordering over attributes A ∪ {d}. We ob-
tain a scheme of the network-based bayesian
classification, where conditional probabilities
are propagated along the DAG structure, be-
ginning with decision as the root. In par-
ticular, we obtain a visual interpretation of
the fact of exclusion from (9) those µ-decision
reducts Bi, which do not contain d – this is be-
cause corresponding nodes ai are d-separated
from the root by the others.



4 Entropy-based approximations

Each subset B ⊆ A induces in decision table
A = (U,A∪{d}) the bunch of inexact decision
rules (B = B(u))⇒µd/B(u) (d = d(u)), u ∈ U .
One can measure the quality of B in terms of
both accuracy and support of generated rules.

Definition 6 Let A = (U,A ∪ {d}) and B ⊆
A be given. We put

GA(B) = |U|
√

Πu∈UµB(u)

GA(d/B) = |U|
√

Πu∈Uµd/B(u)
(10)

GA corresponds to the measure of information
entropy adapted to the rough set, statistical
and machine learning methodologies in vari-
ous forms (cf. [3, 8, 9]).

Definition 7 Let A = (U,A) and X,Y ⊆ A
be given. By entropy of X we mean

HA(X) = −
∑

wX∈V U
X

PA(wX) log2 PA(wX)

(11)
By entropy of X conditioned by Y we mean

HA(X/Y ) = HA(X ∪ Y )−HA(Y ) (12)

Proposition 2 Let A = (U,A∪{d}) and B ⊆
A be given. We have equalities

HA(B) = − log2GA(B)
HA(d/B) = − log2GA(d/B)

(13)

Given the above interpretation of HA, let us
focus on the following way of approximate
preserving of accuracy under the conditional
attribute reduction.

Definition 8 Let ε ∈ [0, 1), A = (U,A∪{d})
and B ⊆ A be given. We say that B (H, ε)-
approximately µ-preserves d, iff

HA(d/B) + log2(1− ε) ≤ HA(d/A) (14)

B is an (H, ε)-approximate µ-decision reduct,
iff it satisfies (14) and none of its proper sub-
sets does it.

The above definition can be treated as pro-
viding the notion of an approximate Markov
boundary, i.e. irreducible subset of features
B ⊆ A which makes d almost independent on
the rest of A.

Definition 9 Let ε ∈ [0, 1), A = (U,A)
and X,Y, Z ⊆ A be given. We say that Y
makes X conditionally (H, ε)-approximately
independent on Z, iff

HA(X/Y )+log2(1−ε) ≤ HA(X/Y ∪Z) (15)

Such a criterion of approximate probabilistic
conditional independence is more robust with
respect to possible noises or fluctuations in
real life data. On the other hand, we have
obvious equivalence of the notions of indepen-
dence and (H, 0)-approximate independence.
We can continue this approximation method-
ology also for bayesian networks:

Definition 10 Let ε ∈ [0, 1), A = (U,A) and
DAG D = (A,

−→
E ) be given. We say that D is

(H, ε)-approximately consistent with A, iff

HA(D) + log(1− ε) ≤ HA(A) (16)

where

HA(D) =
∑
a∈A

HA(a/{b ∈ A : 〈b, a〉 ∈ −→E })

(17)
where we put HA(a/∅) = HA(a).

Condition (16) keeps the aggregate informa-
tion induced by D-based local conditional dis-
tributions close to that encoded within the
whole of PA(A).

Definition 11 Let ε ∈ [0, 1), A = (U,A) and
DAG D = (A,

−→
E ) be given. We say that D

is an (H, ε)-approximate bayesian network for
A, iff for any X,Y, Z ⊆ A, if Y d-separates X
from Z, then Y makes X conditionally (H, ε)-
approximately independent on Z.

The following result generalizes Theorem 1
from [7]. In particular, any DAG D built
on the basis of µ-decision reducts is (H, 0)-
approximately consistent with a given A, as
well as any (H, 0)-approximate bayesian net-
work is a bayesian network.

Theorem 2 ([10]) Let ε ∈ [0, 1) and A =
(U,A) be given. Each DAG which is (H, ε)-
approximately consistent with A is an (H, ε)-
approximate bayesian network for A.



5 Related optimization problems

One can formulate a number of optimization
problems concerning extraction of approxi-
mate Markov boundaries, as well as approx-
imate bayesian networks from data. Let us
start with an observation that Theorems 1
and 2 provide us with possibility of searching
for appropriate DAG structures in two phases:

1. Find an ordering A = 〈a1, . . . , an〉 of at-
tributes which is potentially best for an
optimal bayesian network.

2. Along this ordering, find optimal (ap-
proximate) µ-decision reducts for deci-
sion tables Ai = (U, {d, a1, . . . , ai−1} ∪
{ai}).

In purpose of searching for exact, not ap-
proximate BN’s, one usually begins with some
heuristics extracting initial (partial) ordering
and then apply further tools to extract lo-
cally optimal boundaries (cf. [1]). BN can
be regarded as optimal in terms of the law of
encoding of conditional independence state-
ments in Definition 5 and/or performance of
DAG-based classification scheme (8). In both
cases the following task is worth considering:

Problem 1 For any A = (U,A), find such
ordering A = 〈a1, . . . , an〉 that µ-decision
reducts Bi for Ai provide minimal

∑n
i=2 |Bi|.

Even if the appropriate ordering is given, the
task of finding minimal µ-decision reducts re-
mains NP-hard (cf. [10]). An advantage
is then that one can search for subsets Bi,
i = 2, . . . , n, in parallel – given the initial or-
dering, optimal solutions of reduction prob-
lems for decision tables Ai are completely in-
dependent on each other.

Problem 2 Let ε ∈ [0, 1) be given. For any
A = (U,A), find DAG D = (A,

−→
E ) (H, ε)-

approximately consistent with A, which corre-
sponds to minimal |−→E |.

In this case we have still the following result:

Theorem 3 [10] The problem of finding min-
imal (H, ε)-approximate µ-decision reduct is
NP-hard, for any constant ε ∈ [0, 1).

Moreover, given A = 〈a1, . . . , an〉, appro-
priate subsets Bi can be here derived as
(H, εi)-approximate µ-decision reducts, where
the only requirement for local approximation
thresholds εi ∈ [0, 1) is the following:

(1− ε2) · . . . · (1− εn) ≥ 1− ε (18)

Thus, solutions of local reduction problems
are not independent, because we have to
search, in some sense, for both optimal order-
ing and distribution of approximation thresh-
olds, possibly during the second phase of the
network construction – the edge reduction.

6 Genetic algorithms

One cannot expect fast and reliable tools for
solving problems defined in the previous sec-
tion in a deterministic way. Genetic algo-
rithms (GA’s) provide flexible and universal
methodology, able to be combined with ap-
proximate but fast heuristics which are known
for considered tasks [2, 4]. Heuristics are de-
signed and tuned up with respect to each
specified problem, and often are more effi-
cient than a simple GA. On the other hand,
they usually cannot avoid local optima. The
advantages of both genetic and heuristic ap-
proaches can be exploited by hybrid algo-
rithms – nondeterministic, problem-oriented
heuristics controlled by the GA-based frame-
work.

Genetic algorithm performs over a finite state
space S. Assume that a function: f : S → R+

is given. Our goal is to find xo: f(xo) =
max{f(x): x ∈ S}. Elements of S are in-
dividuals. We treat a value of the function f
as ability to survive in the environment (fit-
ness), and we simulate the process of evo-
lution by creating foregoing populations ob-
tained by application of genetic operators to
relatively strong individuals (see [2, 4, 11] for
details). The result of evolution is the best in-
dividual xmax which is assumed to be nearly
as good as the global optimum x0.

In the order-based genetic algorithm (o-
GA, [2]) a chromosome is a permutation.
There are various methods of recombination
(crossing-over) considered in literature. For



instance, MOX (Modified Order Crossover
[11]) operator affects two parent chromosomes
and replaces them by two children. First, we
choose one gene in the first parent’s chromo-
some at random. This gene will be the end
of a matching section, starting at the begin-
ning of chromosome. Identical matching sec-
tion is marked on the second parent’s chromo-
some. Then, we leave the matching sections
unchanged, but the rest of genes of the first
chromosome is set up in the order of appear-
ance in the second chromosome.

In case of a hybrid algorithm, its heuristic part
is launched in order to calculate fitness value
of a chromosome. The heuristic procedure is
used to obtain actual results, while genetic
part of algorithm optimizes the parameters of
heuristic part. Fitness value of a control se-
quence depends on the result of heuristic al-
gorithm. As an example, let us present the
hybrid algorithm for searching for approxi-
mate (H, ε)-approximate µ-decision reducts,
calculated for specified settings of parameter
ε ∈ [0, 1). It is a generalization of the algo-
rithm developed in [11] for searching for clas-
sical rough-set-based decision reducts: (1) Let
B = A be the set of all attributes and let
A = 〈a1, . . . , an〉 be the ordering consistent
with input permutation. Let ε ∈ [0, 1) be
given; (2) For i = 1 to n = |A| repeat: Let
B ← B \ {ai}; If B does not µ-preserve d
(H, ε)-approximately, then B ← B ∪ {ai} .

Proposition 3 The result of the above al-
gorithm is an (H, ε)-approximate µ-decision
reduct. Moreover, for any (H, ε)-approximate
µ-decision reduct B there exists a permutation
such that B is the result.

The above properties of the considered algo-
rithm assure that it corresponds to a mapping
of the set of possible orderings (permutations)
onto the set of reducts. Given a criterion of
reduct optimization, there exists a permuta-
tion which leads to an optimal reduct. We use
the order-based genetic algorithm to generate
the proper order. To calculate the function of
fitness for a given permutation we have to per-
form one run of the algorithm and set up the
fitness as opposite to the length of the reduct

found.

7 Optimal approximate networks

As mentioned before, the problem of search-
ing for optimal a-BN structures can be di-
vided into two subproblems: How to choose
initial, superfluous structure of DAG and how
to reduce it to obtain minimal net, keeping ap-
proximate consistency with data. We suggest
to design the order-based genetic algorithm
operating at the level of the first above sub-
problem and to relate calculation of fitness for
particular chromosomes to the second one.

Let us assume that ordering A = 〈a1, . . . , an〉
corresponds to a specified permutation. Let
us initiate the structure of D = (A,

−→
E ) by

−→
E =

n−1⋃
i=1

n⋃
j=i+1

{〈ai, aj〉} (19)

Calculation of the fitness function should cor-
respond to a strategy of choosing the order
of the edge reduction trials. Let m = n(n−1)

2 ,
n = |A|, for a given A = (U,A). Let permu-
tation τ over A be given. A general scheme
of the reduction strategy is the following:

1. Let D be an initial complete DAG and let−→
E = 〈e1 . . . em〉 be any ordering of edges
of D, consistent with τ .

2. For i = 1 to m repeat: Let
−→
E ← −→E \{ei};

If D is not (H, ε)-approximately consis-
tent with A, then

−→
E ← −→E ∪ {ei}.

Such an approach requires, obviously, an
additional procedure for choosing orderings−→
E = 〈e1 . . . em〉 for particular permutations
encoded by chromosomes. One can, e.g., ap-
ply greedy heuristics checking, at each step
of reduction, deletion of which remaining
edge causes the smallest increase of entropy
HA(D). In general, one has then no guaran-
tee that for a given information system A =
(U,A) and approximation threshold ε ∈ [0, 1)
there exists permutation over A providing at
outcome of the considered algorithm the solu-
tion of Problem 2 defined in Section 5. Still,
the following holds:



Proposition 4 The result of the above al-
gorithm is always a DAG D = (A,

−→
E ),

which is (H, ε)-approximately consistent with
A. Moreover, it is irreducible, i.e. dele-
tion of any edge (or subset of edges) from

−→
E

makes criterion of (H, ε)-approximate consis-
tency not satisfied any more.

It assures that by application of the pro-
posed method to calculation of fitness func-
tion we map chromosomes into local minima
of function f(D) = |−→E |, defined over the
space of all DAG’s D = (A,

−→
E ) being (H, ε)-

approximately consistent with the given infor-
mation system A = (U,A).

Obviously, this is a very initial step of analy-
sis of performance of such genetic algorithms.
Perhaps the most important challenge is to
analyze behavior of genetic operators, like e.g.
MOX presented in Section 6, over permuta-
tions. Soundness of their performance must
be in this case expressed in terms of partial
orderings over the sets of vertices. It may de-
pend on the way of setting the strategy of
choosing edges to be reduced as well. Further
study in this area is required.

8 Conclusions

Introduced notion of an entropy-based ap-
proximate bayesian network reflects the need
of dealing with approximate independence
statements in case of the real life data analy-
sis. Presented results provide the framework
for the efficient extraction and application of
approximate BN-models to the data classifi-
cation and description tasks. Further devel-
opment of methodology for applying ordered-
based genetic algorithms to searching for opti-
mal (H, ε)-approximate bayesian networks for
information systems and decision tables is re-
quired. Such a methodology leads to improve-
ment of representation and classification ca-
pabilities of network structures approximately
consistent with observed data.
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[11] Wróblewski, J.: Theoretical Foundations
of Order-Based Genetic Algorithms. Fun-
damenta Informaticae 28/3-4, IOS Press
(1996) pp. 423–430.


